We have determined the non-perturbative O(a)-improvement coefficient c sw for four flavors of Wilson quarks with the plaquette gauge action in a range of β ≥ 5.0. The data are fitted with several Padé approximation formulae to get an impression of the stability. A small extrapolation below β = 5.0 seems acceptable. a fatih@physik.hu-berlin.de
Introduction
The lattice regularization of QCD is a powerful tool to non-perturbatively study QCD in the low energy region. The numerical implementation involves however a finite lattice spacing a which has to be removed in the continuum limit. The rate of approaching the continuum limit will depend on the details of the lattice formulation. A systematic way to reduce the discretization effects order by order in a is the Symanzik improvement programme [1, 2, 3] for on-shell quantities [4, 5] . In the case of Wilson fermions, Sheikoleslami and Wohlert [6] have shown that for reducing the lattice artefacts from O(a) to O(a 2 ) only one additional dimension five operator in the Lagrangian is needed. To achieve this acceleration of the continuum limit non-perturbatively the coefficient c sw of the corresponding operator has to be determined in numerical simulations. In the quenched case [7] , the ALPHA collaboration has found [8, 9, 10] that the non-perturbative result for c sw deviates significantly from the one-loop perturbative value [6, 11] . Furthermore, the effect of two species of dynamical fermions on c sw was also studied by the ALPHA collaboration and the difference to the quenched case was clearly visible [12] . The effect of a third flavor was studied by the CP-PACS and JLQCD collaborations [13] with the result that c sw (g 2 0 ) is not very much affected by it and their result is very close to the two flavor values of the ALPHA collaboration which can be seen in Figure 4 . Our aim in this paper is to calculate c sw non-perturbatively for four flavors in the Schrödinger functional scheme.
The paper is organized as follows. First we want to give a brief reminder of O(a) improved lattice QCD and briefly discuss the improvement condition for c sw . After discussing some features of the algorithmic implementation we will give a summary about the simulation parameters and the raw data. The procedure how to determine c sw from the raw data will be described next. Finally we will give the conclusions.
Improvement condition
Our starting point for O(a) improved lattice QCD is the fermion action
where a is the lattice spacing and m 0 is the bare quark mass. The matrix D is the Wilson-Dirac operator [14] 
with the lattice covariant forward and backward derivatives ∇ µ and ∇ * µ . The leading order lattice artefacts in on-shell quantities which are calculated with this action are linear in a. However, the leading order discretization effects may be canceled by adding the so-called Sheikoleslami Wohlert term to the action [6] 
The lattice field strength tensor F µν is defined as in [15] and (3) is a function of the bare coupling g 0 and if it is chosen properly, D improved becomes the on-shell O(a) improved lattice WilsonDirac operator. For a complete cancellation of the O(a) effects d in correlation functions, the local composite fields that enter also have to be improved [15] . In our case, such composite fields are the isovector axial current A a µ (x) and the pseudo-scalar density P a (x). It turns out that only the isovector axial current needs an improvement because there is no dimension four operator with the same behavior as P a under the symmetries of the lattice theory. The O(a) improvement requires the combination
where A a µ and P a are given by
∂ µ , ∂ * µ are the forward and backward difference operators and τ a are Pauli matrices acting on one pair among the four degenerate flavors. The improvement coefficient c A is known in perturbation theory [16] and from nonperturbative determinations for N f = 0 [7] and N f = 2 [17, 18] . As explained in [7, 12] , we introduce the unrenormalized PCAC quark mass
where the correlation functions f A and f P contain A a µ and P a and are given by (2.1) and (2.2) of [7] . A second mass m ′ can be defined in the same way as eq. (7) but with the primed correlation functions f A ′ and f P ′ ((2.5) and (2.6) of [7] ). The unprimed and primed correlation functions are related to each other by a time reflection in the Schrödinger functional. Since the boundary conditions
are such that C k and C ′ k are not the same, f X and f X ′ also differ. Since with PCAC we have, however, inserted an 'operator identity', all m(x 0 ), m ′ (y 0 ) differ only at the level of O(a 2 ) effects in the improved theory. We could hence for some choice, such as
, impose m − m ′ = 0 as one condition for the proper choice of c sw and c A . Because the coefficient c A is a priori not known it is advantageous however to first eliminate this parameter and define a quark mass M independent of c A which agrees with the quark mass m up to O(a 2 ) effects. For this purpose we name the partial contributions
and rewrite the mass m as
With an analogous definition for m ′ , a quark mass M can than be written in the following way
.
(13) In this combination, which in the improved theory differs from m by O(a 2 ) only, c A drops out. Now, we define M ′ (x 0 , y 0 ) analogously and could require that the difference
has to vanishes for our value of c sw . The choice (x 0 , y 0 ) = (
T, 1 4 T ) is one possible choice [7] for the argument of ∆M. For the quark mass M itself we choose (x 0 , y 0 ) = ( T ) [7] . In order to reproduce the tree level value of c sw exactly for finite a, we finally impose the improvement condition ∆M = ∆M (0) (15) where ∆M (0) is the tree level value of perturbation theory in the O(a) improved theory. For L/a = 8 one finds for example [7] 
As discussed in [19] , improvement coefficients possess a unique perturbative expansion but non-perturbatively they are themselves ambiguous by cutoff terms and thus depend on the choice of the improvement conditions. Of course, for QCD these uncertainties amount to cutoff effects beyond the order that is improved, O(a 2 ) in the case at hand. In principle one then has to determine improvement coefficients for one fixed set of conditions as functions of g 0 at constant physics, i. e. fixing all scale ratios except a that shrinks with g 0 . For the Schrödinger functional this would in particular require constant L/r 0 as g 0 is lowered. For practical reasons we fix however a/L instead and refer the reader to sect. (I.2.4.1) of [19] for a detailed discussion. The replacement of zero by the small tree-level value on the right hand side of eq. (16) guarantees that our definition has the correct limit for g 0 → 0.
Simulations
Our simulations for N f = 4 are based on an adaptation of TAO codes -suitable for APE computers [20] -used earlier by the ALPHA collaboration for N f = 2 studies. An ordinary HMC algorithm [21] has been implemented with symmetric even-odd preconditioning [22, 23, 24] and the Sexton-Weingarten integration scheme [25] . Mass preconditioning [26, 27] was not enforced as we expect that the gain for the Schrödinger functional with the parameters envisaged here would not be so significant [28] . For the sake of convenience, from here on, we will set the lattice spacing a to one.
Algorithm
The fermionic determinant for an even number of flavors can be represented by pseudo-fermion fields
where S G is Wilson's plaquette gauge action [14] and Q is related to the Dirac matrix M by
µ=0 x µ . If it is even for the lattice site x, the site is called even otherwise it is called odd. Following this strategy, the Dirac matrix M decomposes into the block form in eq. (18) . The components are given as follows [29] 
vanish if the improvement coefficient c sw is set to zero and the submatrices M ee and M oo then become equal to the unit matrix. In our case however, we consider the O(a) improved Sheikoleslami-Wohlert action where the coefficient c sw is determined non-perturbatively for N f = 4. Furthermore, the submatrices of M possess the following properties
The origin of the algorithmic acceleration by even-odd preconditioning lies in the factorization of the determinant. In this context, two possibilities appear. We may either factorize out only M ee or M oo (asymmetric), or second, we extract both factors (symmetric). The derivation of both versions is very similar. The key point is the calculation of a determinant of matrices like eq. (18) using its Schur complement. For a general matrix which consist of submatrices, the determinant can be calculated in the following way
In our case, the determinant of Q = γ 5 M leads to
for the symmetric even-odd preconditioning, wherê
In our numerical implementation, we only use the above described symmetric even-odd preconditioning but there is no fundamental problem to implement the asymmetric even-odd preconditioned version. However, it should be kept in mind that the authors of [30] found that the performance of HMC with symmetric even-odd preconditioning is roughly 30% better than the HMC algorithm with asymmetric even-odd preconditioning. Due to the decomposition in eq. (24), only the odd components φ o of the fields φ appear. With symmetric preconditioning the partition function for four flavors now reads
with the gauge part S G [U] and
Simulation parameters and raw results
The simulations were performed in the Schrödinger functional scheme [8, 9, 10] with periodic boundary conditions for the spatial extension and Dirichlet boundary conditions in the temporal direction. This means the phase θ was here set to zero in all runs. The data were obtained on hypercubic Euclidean 16×8 3 lattices. The O(a) improvement of the Schrödinger functional requires additional improvement terms at the boundaries. However, since PCAC is an operator relation, these terms are irrelevant for a correct determination of c sw . Nevertheless, we have chosen them as follows. The pure gauge part of the action acquires a weight w(p) = c t (g 0 ) of time-like plaquettes p attached to the boundary planes for which we have inserted the 2-loop value [31] (28) and for the fermionic improvement coefficientc t (g 0 ) [16] we take the 1-loop perturbative value [32] c
In all our simulations the trajectory length was kept fixed to one. We chose the intervals in β similar to [12] . The mean acceptance rate was around 90% and we performed 4400 trajectories per value of β and c sw on average. A large part of our computations ran on APEmille machines with 128 processors each. For some values of β and c sw we also used apeNEXT crates with 256 processors. The summary table of the measurements can be found in the appendix. This procedure is computer time demanding because for each value of β and for each value of c sw of Table 2 , we would need several runs, at least three, for interpolating ∆M in M to M = 0. To save computer time, we modified this method slightly. As discussed in the determination of c sw for N f = 0, 2 [7, 12] , the weak dependence of ∆M on M holds also at N f = 4. For one set of parameters β and c sw , we checked the dependence explicitly (Fig. 1) . Since ∆M depends weakly on M, we contented ourselves with determining ∆M for some |M| < 0.03 [12] and used these values of ∆M as an approximation for ∆M at M = 0. A typical result is shown in Figure 2 . We performed simulations from β = 12 to β = 5.0. For each β, we calculated the observables ∆M and M at least for three different values of c sw in such a way that the condition |M| < 0.03 held and that ∆M had a change of sign. The linear Table 1 . We also tried to go below β = 5.0 but at β = 4.8, we were not Table 1 : Results of the linear interpolation able to locate a significant sign change of ∆M in our data and therefore after some attempts, we decided to stop searching. The CP-PACS and JLQCD collaborations computed c sw for N f = 3 in the Schrödinger functional setup of lattice QCD with the plaquette gauge action [13] . They found that the result for three flavors is very close to the two flavor result [12] . In addition they calculated c sw with four flavors for β = 9.6 and found c * sw = 1.1954(48) in good agreement with our c * sw = 1.1895(62) . After obtaining the proper values c * sw which satisfy the improvement condition eq. (15), we want to represent and interpolate our data by a simple Padé formula, appropriate for the achieved precision, which also incorporates the known 1-loop perturbative result. The solution that we want to advocate here for N f = 4 is c sw (g To conclude in Figure 4 , we juxtapose our new data and fit formula at N f = 4 to those known for N f = 0, 2, 3.
Conclusions
In the present paper, we have performed simulations for the calculation of the improvement coefficient c sw for four flavors of Wilson fermions in a range of β ≥ 5.0 and give eq. (30) as a suitable parameterization of our data. We compared three simple-minded different Padé-approximation formulae for our data and could show that a small extrapolation of c sw beyond β = 5.0 to β = 4.5 with the main formula eq. (30) may still be acceptable. An immediate use of c sw will be the determination of the non-perturbative running of the Schrödinger functional coupling for N f = 4 massless flavors, extending the present knowledge which comprises N f = 0 [7] , N f = 2 [12] and N f = 3 [13] . 
